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Abstract
The Dirac equation in curved spacetimes is formulated using coordi-
nate-free notation. A Lagrangean density which corresponds to the
subject equation is presented. The subject equation is invariant under
a local rotation of the coframe. The current is independent of the local
orientation of the coframe and it is conserved. The subject equation
has an equivalent formulation which uses the Christoffel gamma. The
stress-energy tensor is calculated.
1 Introduction
The Dirac equation in curved spacetimes has previously been studied [1]
[2] [3]. A coordinate-free form different from the one in this article is in
[4]. In this article, the Dirac equation in curved spacetimes is formulated
using coordinate-free notation. The layout of this article is: In section 2,
I show that the Dirac equation in curved spacetimes is derived from the
Dirac Lagrangean. In section 3, I show that the subject equation is invariant
under a local rotation of the coframe. In section 4, I show that the current is
conserved. In section 5, I show that the subject equation has an equivalent
formulation which uses the Christoffel gamma. In section 6, the stress-energy
tensor is calculated. The Appendix contains a proof that ω has the same
values as the rotational part of the torsion-free Cartan connection (θ, ω) :
T(M4)→ euc(3, 1).
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For a curved spacetimes Dirac equation, we usually use a coframe 1-form
θ : T(M4)→ R4 and a dual vector field θj(vk) = δjk. I use,
σ1 =
[
0 1
1 0
]
σ2 =
[
0 −i
i 0
]
σ3 =
[
1 0
0 −1
]
(1)
γ0 =
[
i 0
0 −i
]
γj =
[
0 σj
σj 0
]
(2)
η =


−1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

 (3)
γaγb + γbγa = 2ηab (4)
Ψ = Ψ†γ0 (5)
Sab =
1
4
[γa, γb] (6)
ǫ0123 = ǫ0123 (7)
Latin indices are Minkowskian and Greek indices are spacetime indices. Latin
indices are raised or lowered using the Minkowski metric:
Aa = ηabAb (8)
The coframe θ can be expressed using the coordinate 1-forms,
θa = θaµdx
µ (9)
and the metric is,
gµν = ηabθ
a
µθ
b
ν (10)
(10) is 10 equations for 16 components, so for a given metric, θ has 6 degrees
of freedom.
The Dirac equation in curved spacetimes is,(
γava + ieγ
aA(va)− 1
4
γaγbγcωbc(va) +m
)
Ψ = 0 (11)
ωbc(va) =
1
2
(
dθa(vb, vc) + dθb(va, vc)− dθc(va, vb)
)
(12)
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In differential geometry style [5], vectors are represented as derivatives, so
vaΨ is an equivalent notation to dΨ(va). ω is antisymmetric in its two indices:
ωbc = −ωcb (13)
so these two terms are equal:
− 1
4
γaγbγcωbc(va) = −1
2
γaSbcωbc(va) (14)
e is the electric charge of the particle. A is the electromagnetic potential
represented as a 1-form. An alternative formulation for the Dirac equation
in curved spacetimes is,(
γav µa ∂µ + ieγ
aA(va)− 1
2
γaSbcv µa v
ν
b
(−∂µθcν + θcρΓρµν)+m
)
Ψ = 0
(15)
As a side note, ω has the same values as the rotational part of the torsion-
free Cartan connection (θ, ω) : T(M4)→ euc(3, 1) because ω is antisymmet-
ric and follows the equation,
dθa − ωab ∧ θb = 0 (16)
The proof is in the Appendix.
In this article, the Hodge dual is defined as,
∗ (θi0 ∧ . . . ∧ θik−1) = 1(n− k)!ǫi0..ik−1j0..jn−k−1θj0 ∧ . . . ∧ θjn−k−1 (17)
This means that,
∗1 = θ0 ∧ θ1 ∧ θ2 ∧ θ3 (18)
∗∗1 = ∗ (θ0 ∧ θ1 ∧ θ2 ∧ θ3) (19)
= ∗ (η00η11η22η33θ0 ∧ θ1 ∧ θ2 ∧ θ3) (20)
= − ∗ (θ0 ∧ θ1 ∧ θ2 ∧ θ3) (21)
= −1 (22)
The current is usually defined as,
j = −eΨγaΨ ∗θa (23)
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In curved spacetimes, we would like the current to be conserved,
dj = 0 (24)
We would also like that if Ψ1 is a solution of the curved spacetimes Dirac
equation with coframe θ1, and θ2 another coframe for the same metric, then
for a solution Ψ2 of the curved spacetimes Dirac equation with coframe θ2 to
exist that has the same current:
j1 = −eΨ1γaΨ1 ∗θ1a (25)
j2 = −eΨ2γaΨ2 ∗θ2a (26)
j1 = j2 (27)
2 Lagrangean density
The Lagrangean density which corresponds to the Dirac equation in curved
spacetimes is,
L = −1
2
dA ∧ ∗dA +
+ iΨ
(
γadΨ ∧ ∗θa + ieΨγaA ∧ ∗θaΨ− 1
4
γaγbγcωbc ∧ ∗θaΨ+mΨ ∗1
)
(28)
To show that this Lagrangean density corresponds to the Dirac equation in
curved spacetimes, I proceed in the usual manner, setting up a region of
spacetime and a small variation of the field δΨ which vanishes on the region
boundary. The variation of the Lagrangean density is,
δL = iδΨ
(
γadΨ ∧ ∗θa + ieγaA ∧ ∗θaΨ− 1
4
γaγbγcωbc ∧ ∗θaΨ+mΨ ∗1
)
+
+ iΨ
(
γadδΨ ∧ ∗θa + ieγaA ∧ ∗θaδΨ− 1
4
γaγbγcωbc ∧ ∗θaδΨ+m ∗1δΨ
)
(29)
I have,
d
(
ΨγaδΨ ∗θa
)
= dΨ ∧ ∗θaγaδΨ+ΨγadδΨ ∧ ∗θa +ΨγaδΨd∗θa (30)
so,
ΨγadδΨ ∧ ∗θa = d
(
ΨγaδΨ ∗θa
)− dΨ ∧ ∗θaγaδΨ−ΨγaδΨd∗θa (31)
4
Substituting this, I get,
δL = iδΨ
(
γadΨ ∧ ∗θa + ieγaA ∧ ∗θaΨ− 1
4
γaγbγcωbc ∧ ∗θaΨ+mΨ ∗1
)
+
+ i
(
− dΨ ∧ ∗θaγa −Ψγad∗θa + ieΨγaA ∧ ∗θa − 1
4
Ψγaγbγcωbc ∧ ∗θa +
+mΨ ∗1
)
δΨ+ d
(
iΨγaδΨ ∗θa
)
(32)
Using (172) - (175), it can be gathered that,
γaγbγcωbc(va) ∗1 = −γcγbγaωbc(va) ∗1− 4γbdθa(vb, va) ∗1 (33)
d∗θ0 = d(θ1 ∧ θ2 ∧ θ3) (34)
= dθ1 ∧ θ2 ∧ θ3 − θ1 ∧ dθ2 ∧ θ3 + . . . (35)
= dθ1(v0, v1) ∗1 + dθ2(v0, v2) ∗1 + . . . (36)
d∗θa = dθb(va, vb) ∗1 (37)
γaγbγcωbc ∧ ∗θa = −γcγbγaωbc ∧ ∗θa − 4γad∗θa (38)
Substituting this, I get,
δL = iδΨ
(
γadΨ ∧ ∗θa + ieγaA ∧ ∗θaΨ− 1
4
γaγbγcωbc ∧ ∗θaΨ+mΨ ∗1
)
+
+ i
(
−dΨ ∧ ∗θaγa + ieΨγaA ∧ ∗θa + 1
4
Ψγcγbγaωbc ∧ ∗θa +mΨ ∗1
)
δΨ+
+ d
(
iΨγaδΨ ∗θa
)
(39)
Comparing with the Dirac equation in curved spacetimes and its Hermitean
conjugate (168),
δL = 2Re
(
iδΨ
(
γadΨ ∧ ∗θa + ieγaA ∧ ∗θaΨ− 1
4
γaγbγcωbc ∧ ∗θaΨ+
+mΨ ∗1
))
+ d
(
iΨγaδΨ ∗θa
)
(40)
The variation of the Lagrangean density must vanish up to a 4-divergence for
any small value of δΨ, so this Lagrangean density implies the Dirac equation
in curved spacetimes. Because the variation of the Lagrangean density is real
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up to a 4-divergence, the following Lagrangean density implies the same field
equation:
L = −1
2
dA ∧ ∗dA+
+ Re
(
iΨ
(
γadΨ ∧ ∗θa + ieΨγaA ∧ ∗θaΨ− 1
4
γaγbγcωbc ∧ ∗θaΨ+mΨ ∗1
))
(41)
Using,
Re(z) =
z + z†
2
(42)
Dµ = ∂µ + ieAµ − 1
2
Sbcωbc(∂µ) (43)
γa† =
{
− γa if a = 0
γa if a 6= 0 (44)
γa†γ0 = −γ0γa (45)(
i
2
Ψγav µa DµΨ
)†
=
−i
2
(DµΨ)
†γa†v µa γ
0†Ψ (46)
=
−i
2
(DµΨ)
†γa†v µa (−γ0)Ψ (47)
=
−i
2
(DµΨ)
†γ0γav µa Ψ (48)
=
−i
2
(DµΨ)γ
av µa Ψ (49)
The previous Lagrangean density corresponds to the action,
S =
∫
dxn
√
g
(
−1
4
F µνFµν +
i
2
(
Ψγav µa DµΨ− (DµΨ)γav µa Ψ
)
+ imΨΨ
)
(50)
with g = |det(gµν)|.
3 Coframe independance
I shall show that the Dirac equation in curved spacetimes is invariant under
a local rotation of the coframe. The coframes θ2 and θ1 are related by,
θ a2 = Λ(x)
a
bθ
b
1 (51)
6
With Λ ∈ SO(3, 1). Λ can have different values at different events in space-
time. The vector fields v2 and v1 are related by,
v2a = Λ
b
a v1b (52)
That this works can be checked:
θ a2 (v2c) = Λ
a
bθ
b
1 (Λ
e
c v1e) (53)
= ΛabΛ
e
c δ
b
e (54)
= ΛabΛ
b
c (55)
= δac (56)
The last equation holds because Λ is in SO(3, 1). Λ can be expressed as,
Λab =
(
exp(kcdI
d
c )
)a
b
(57)
I use the symbol I dc to mean a matrix with a 1 at row c column d and 0
at every other entry. The notation ()ab means row a column b of the matrix
inside the parentheses. k is antisymmetric:
kab = −kba (58)
I suppose that there is a solution Ψ1 with coframe θ1 and look for another
solution Ψ2 with coframe θ2 which has the same current:
j1 = j2 (59)
−eΨ1γaΨ1v1a = −eΨ2γaΨ2v2a (60)
−eΨ1γaΨ1v1a = −eΨ2γaΨ2Λ ba v1b (61)
A solution is,
Ψ2 = Λ 1
2
(x)Ψ1 (62)
with,
Λ
−1
1
2
γaΛ 1
2
= Λabγ
b (63)
Λ 1
2
can have different values at different events in spacetime. Later in this
article, I shall give a method of constructing Λ 1
2
. The equation becomes,
−Ψ1γaΨ1v1a = −Ψ†1Λ†1
2
γ0γaΛ 1
2
Ψ1Λ
b
a v1b (64)
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I have,
Λ
†
1
2
γ0 = exp
(
1
8
kab[γ
a, γb]
)†
γ0 (65)
=
(
1 +
1
8
kab[γ
a, γb] +
1
128
kab[γ
a, γb]kcd[γ
c, γd] + . . .
)†
γ0 (66)
=
(
1 +
1
8
kab[γ
b†, γa†] +
1
128
kcd[γ
d†, γc†]kab[γ
b†, γa†] + . . .
)
γ0 (67)
= γ0
(
1 +
1
8
kab[γ
b, γa] +
1
128
kcd[γ
d, γc]kab[γ
b, γa] + . . .
)
(68)
= γ0
(
1− 1
8
kab[γ
a, γb] +
1
128
kab[γ
a, γb]kcd[γ
c, γd] + . . .
)
(69)
= γ0Λ
−1
1
2
(70)
then the equation becomes,
−Ψ1γaΨ1v1a = −Ψ†1γ0Λ −11
2
γaΛ 1
2
Ψ1Λ
b
a v1b (71)
= −Ψ1ΛacγcΨ1Λ ba v1b (72)
= −Ψ1γaΨ1v1a (73)
The last equation holds because Λ is in SO(3, 1).
Coframe transformations can be composited. Given two coframe trans-
formations (Λ1,Λ 1
2
1) : (θ1,Ψ1)→ (θ2,Ψ2) and (Λ2,Λ 1
2
2) : (θ2,Ψ2)→ (θ3,Ψ3),
there is a composite coframe transformation (Λ3,Λ 1
2
3) : (θ1,Ψ1) → (θ3,Ψ3)
which makes this diagram commute:
(θ1,Ψ1)
(Λ1,Λ 1
2
1)
✲ (θ2,Ψ2)
(θ3,Ψ3)
(Λ2,Λ 1
2
2)
❄
(Λ
3 ,Λ
1
2 3 )
✲
It is,
Λ a3 b = Λ
a
2 cΛ
c
1 b (74)
Λ 1
2
3 = Λ 1
2
2Λ 1
2
1 (75)
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Because the end values of the fields θ and Ψ are the same for whichever path
is taken in the previous commutative diagram, and θ and Ψ are the only
fields which enter the current and the Lagrangean which are affected by a
coframe transformation, it follows that (Λ3,Λ 1
2
3) leave the current and the
Lagrangean invariant if (Λ1,Λ 1
2
1) and (Λ2,Λ 1
2
2) leave the current and the
Lagrangean invariant.
An arbitrary coframe transformation Λarbitrary can be decomposed into
Euler angles:
Λarbitrary = Λ6Λ5Λ4Λ3Λ2Λ1 (76)
The coframe transformations Λ1 through Λ6 have all but at most one of the
kab equal to 0 everywhere in spacetime. Without loss of generality, I can
assume that for Λ all but at most one of the kab are zero everywhere in
spacetime. Λ 1
2
defined as,
Λ 1
2
= exp
(
1
2
kabS
ab
)
(77)
follows (63). To show it, I denote r and s the fixed indices of the Euler angle
with r < s. If krs is a spatial rotation, then,
exp
(
1
2
kabS
ab
)
= exp
(
1
2
krsγ
rγs
)
(78)
= cos
(
krs
2
)
+ sin
(
krs
2
)
γrγs (79)
Λ
−1
1
2
γaΛ 1
2
=
=
(
cos
(
krs
2
)
− sin
(
krs
2
)
γrγs
)
γa ×
×
(
cos
(
krs
2
)
+ sin
(
krs
2
)
γrγs
)
(80)
= cos
(
krs
2
)2
γa + cos
(
krs
2
)
sin
(
krs
2
)(
γaγrγs − γrγsγa)− (81)
− sin
(
krs
2
)2
γrγsγaγrγs (82)
= cos
(
krs
2
)2
γa + cos
(
krs
2
)
sin
(
krs
2
)(
2ηarγs − 2ηasγr)− (83)
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− sin
(
krs
2
)2 (
γrηarηss + γsηasηrr − γaηrrηss(1− δar)(1− δas)
)
(84)
If a = r,
=
(
cos
(
krs
2
)2
− sin
(
krs
2
)2)
γa + 2 cos
(
krs
2
)
sin
(
krs
2
)
γs (85)
= cos(krs)γ
a + sin(krs)γ
s (86)
Λabγ
b =
(
exp
(
krs(I
rs − Isr)))a
b
γb (87)
=
((
cos(krs)− 1
)(
I
r
r + I
s
s
)
+ δcdI
d
c + sin(krs)
(
I
rs − Isr))a
b
γb (88)
If a = r,
= cos(krs)γ
a + sin(krs)γ
s (89)
The case a = s is similar by antisymmetry. If krs is a boost, the proof is
similar, mutatis mutandis.
If Λ1, Λ2, Λ3, Λ 1
2
1, Λ 1
2
2, Λ 1
2
3, are such that,
Λ
−1
1
2
1
γaΛ 1
2
1 = Λ
a
1 bγ
b (90)
Λ
−1
1
2
2
γaΛ 1
2
2 = Λ
a
2 bγ
b (91)
Λ a3 b = Λ
a
2 cΛ
c
1 b (92)
Λ 1
2
3 = Λ 1
2
2Λ 1
2
1 (93)
then,
Λ
−1
1
2
3
γaΛ 1
2
3 = Λ
−1
1
2
2
Λ
−1
1
2
2
γaΛ 1
2
2Λ 1
2
1 (94)
= Λ
−1
1
2
2
Λ a2 bγ
bΛ 1
2
1 (95)
= Λ a2 bΛ
b
1 cγ
c (96)
= Λ a3 cγ
c (97)
An algorithm for assigning values to Λ 1
2
arbitrary is to decompose Λarbitrary
into Euler angles as in (76), then assigning values to Λ 1
2
1 through Λ 1
2
6 using
(77), then calculating,
Λ 1
2
arbitrary = Λ 1
2
6Λ 1
2
5Λ 1
2
4Λ 1
2
3Λ 1
2
2Λ 1
2
1 (98)
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Constructed this way, Λ 1
2
arbitrary follows,
Λ
−1
1
2
arbitrary
γaΛ 1
2
arbitrary = Λ
a
arbitrary bγ
b (99)
If the Lagrangean density is independent of the local orientation of the
coframe, then Ψ2 is a solution of the curved spacetimes Dirac equation with
coframe θ2: If the Lagrangean density is independent of the local orientation
of the coframe, it means that for any θ,Ψ,
L[θa,Ψ] = L[Λ ab θ
b,Λ
−1
1
2
Ψ] (100)
Substituting θ = θ2,Ψ = Ψ2:
L[θ a2 ,Ψ2] = L[Λ
a
b θ
b
2 ,Λ
−1
1
2
Ψ2] (101)
= L[θ a1 ,Ψ1] (102)
Substituting θ = θ2,Ψ = Ψ2 + δΨ2:
L[θ2,Ψ2 + δΨ2] = L[θ1,Λ
−1
1
2
(Ψ2 + δΨ2)] (103)
= L[θ1,Ψ1 + Λ
−1
1
2
δΨ2] (104)
L[θ2,Ψ2 + δΨ2]− L[θ2,Ψ2] = L[θ1,Ψ1 + Λ −11
2
δΨ2]− L[θ1,Ψ1] (105)
Because Ψ1 follows the wave equation with coframe θ1,
L[θ1,Ψ1 + δΨ1]− L[θ1,Ψ1] = O
(
(δΨ1)
2
)
+ d(. . .) (106)
Substituting δΨ1 = Λ
−1
1
2
δΨ2:
L[θ1,Ψ1 + Λ
−1
1
2
δΨ2]− L[θ1,Ψ1] = O
(
(Λ
−1
1
2
δΨ2)
2
)
+ d(. . .) (107)
= O
(
(δΨ2)
2
)
+ d(. . .) (108)
L[θ2,Ψ2 + δΨ2]− L[θ2,Ψ2] = O
(
(δΨ2)
2
)
+ d(. . .) (109)
therefore Ψ2 follows the wave equation with coframe θ2.
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Following is a calculation which shows that L[θ2,Ψ2] = L[θ1,Ψ1]:
L[θ2,Ψ2] = −1
2
dA ∧ ∗dA− eΨ2γaA ∧ ∗θ2aΨ2 +
+ iΨ2
(
γadΨ2 ∧ ∗θ2a − 1
4
γaγbγcω2bc ∧ ∗θ2aΨ2 +mΨ2 ∗1
)
(110)
= −1
2
dA ∧ ∗dA− eΨ1Λ −11
2
γaA(v a2 )Ψ2 ∗1 +
+ iΨ1Λ
−1
1
2
(
γadΨ2(v2a)− 1
4
γaγbγcω2bc(v2a)Ψ2 +mΨ2
)
∗1 (111)
Because θ1 and θ2 represent the same metric, the Hodge dual is the same
using either coframe.
L[θ2,Ψ2] = −1
2
dA ∧ ∗dA− eΨ1Λ −11
2
γaA(v a2 )Λ 1
2
Ψ1 ∗1 +
+ iΨ1Λ
−1
1
2
(
γaΛ 1
2
dΨ1(v2a) + γ
a
(
v2aΛ 1
2
)
Ψ1 − 1
4
γaγbγcω2bc(v2a) +
+mΛ 1
2
Ψ1
)
∗1 (112)
The second term on the right of (112) is,
−eΨ1Λ −11
2
γaA(v a2 )Λ 1
2
Ψ1 ∗1 = −eΨ1Λ −11
2
γaΛ 1
2
A(v2a)Ψ1 ∗1 (113)
= −eΨ1ΛabγbA(v2a)Ψ1 ∗1 (114)
= −eΨ1γaA(v1a)Ψ1 ∗1 (115)
I apply,
Λ
−1
1
2
γaΛ 1
2
= Λabγ
b (116)
to the third term on the right of (112):
iΨ1Λ
−1
1
2
γaΛ 1
2
(v2aΨ1) ∗1 = iΨ1Λabγb(v2aΨ1) ∗1 (117)
= iΨ1Λ
a
bγ
bΛ ca (v1cΨ1) ∗1 (118)
= iΨ1γ
a(v1aΨ1) ∗1 (119)
The fourth term on the right of (112) is,
iΨ1Λ
−1
1
2
γa
(
v2aΛ 1
2
)
Ψ1 ∗1 = iΨ1Λ −11
2
γa
(
v2aexp
(
1
2
kbcS
bc
))
Ψ1 ∗1 (120)
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Because all but at most one of the kbc are 0 everywhere in spacetime,
1
2
kbcS
bc
commutes with its derivative. A typical term of the power series expansion
of Λ 1
2
= exp
(
1
2
kbcS
bc
)
is:
1
n!
1
2n
(krs)
n(Srs − Ssr)n (121)
Its derivative is,
1
n!
1
2n
n(krs)
n−1(Srs − Ssr)nv2akrs =
=
1
(n− 1)!
1
2n−1
(krs)
n−1(Srs − Ssr)n−11
2
(Srs − Ssr)v2akrs (122)
So the derivative of Λ 1
2
is,
v2aΛ 1
2
=
1
2
Λ 1
2
Sbcv2akbc (123)
The right side of (120) becomes,
i
2
Ψ1Λ
−1
1
2
γaΛ 1
2
Sbc (v2akbc) Ψ1 ∗1 = (124)
=
i
2
Ψ1Λ
a
dγ
dSbc (v2akbc)Ψ1 ∗1 (125)
=
i
2
Ψ1γ
aSbc (v1akbc) Ψ1 ∗1 (126)
The fifth term on the right of (112) is,
− iΨ1Λ −11
2
1
4
γaγbγcω2bc(v2a)Λ 1
2
Ψ1 ∗1 (127)
with,
ω2bc(v2a) =
1
2
(
dθ2a(v2b, v2c) + dθ2b(v2a, v2c)− dθ2c(v2a, v2b)
)
(128)
Raising the index a, the first term inside the parentheses on the right of (128)
is,
dθ a2 (v2b, v2c) = d(Λ
a
fθ
f
1 )(v2b, v2c) (129)
= d
((
exp(kdeI
e
d )
)a
f
θ
f
1
)
(v2b, v2c) (130)
=
(
v1g
(
exp(kdeI
e
d )
)a
f
)
(θ g1 ∧ θ f1 )(v2b, v2c) +
+ Λafdθ
f
1 (v2b, v2c) (131)
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The first term on the right of (131) is,
(
v1g
(
exp(kdeI
e
d )
)a
f
)
(θ g1 ∧ θ f1 )(v2b, v2c) =
=
(
v1gexp(k
d
eI
e
d )
)a
f
(θ g1 ∧ θ f1 )(v2b, v2c) (132)
Because all but at most one of the kde are 0 everywhere in spacetime, kdeI
de
commutes with its derivative. A typical term of the power series expansion
of Λ = exp
(
kdeI
de
)
is,
1
n!
(krs)
n(Irs − Isr)n (133)
Its derivative is,
1
n!
n(krs)
n−1(Irs − Isr)nv1gkrs =
=
1
(n− 1)!(krs)
n−1(Irs − Isr)n−1(Irs − Isr)v1gkrs (134)
So the derivative of Λ is,
v1gΛ = ΛI
dev1gkde (135)
So the right side of (132) becomes,(
exp(kdeI
e
d )I
i
h v1gk
h
i
)a
f
(θ g1 ∧ θ f1 )(v2b, v2c)
=
(
exp(kdeI
e
d )I
i
h
)a
f
(v1gk
h
i)(θ
g
1 ∧ θ f1 )(v2b, v2c) (136)
= Λahδ
i
f (v1gk
h
i)(θ
g
1 ∧ θ f1 )(v2b, v2c) (137)
= Λah(v1gk
h
f)(θ
g
1 ∧ θ f1 )(v2b, v2c) (138)
= Λah(v1gk
h
f)
(
θ
g
1 (v2b)θ
f
1 (v2c)− θ g1 (v2c)θ f1 (v2b)
)
(139)
= Λah(v1gk
h
f)
(
θ
g
1 (Λ
j
b v1j)θ
f
1 (Λ
k
c v1k)− θ g1 (Λ kc v1k)θ f1 (Λ jb v1j)
)
(140)
= Λah(v1gk
h
f)
(
Λ jb δ
g
jΛ
k
c δ
f
k − Λ kc δgkΛ jb δfj
)
(141)
= ΛahΛ
g
b Λ
f
c
(
v1gk
h
f − v1fkhg
)
(142)
= ΛafΛ
g
b Λ
h
c
(
v1gk
f
h − v1hkfg
)
(143)
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The second term on the right of (131) is,
Λafdθ
f
1 (v2b, v2c) = Λ
a
fΛ
g
b Λ
h
c dθ
f
1 (v1g, v1h) (144)
Lowering the index a, I get,
dθ2a(v2b, v2c) = Λ
f
a Λ
g
b Λ
h
c dθ1f (v1g, v1h) +
+ Λ fa Λ
g
b Λ
h
c
(
v1gkfh − v1hkfg
)
(145)
Similarly,
ω2bc(v2a) = Λ
f
a Λ
g
b Λ
h
c
(
ω1gh(v1f) +
1
2
(
v1gkfh − v1hkfg +
+ v1fkgh − v1hkgf − v1fkhg + v1gkhf
))
(146)
and because k is antisymmetric,
ω2bc(v2a) = Λ
f
a Λ
g
b Λ
h
c
(
ω1gh(v1f ) + v1fkgh
)
(147)
The fifth term on the right of (112) becomes,
− 1
4
Ψ1Λ
−1
1
2
γaγbγcω2bc(v2a)Λ 1
2
Ψ1 =
= −1
4
Ψ1Λ
−1
1
2
γaγbγcΛ 1
2
Λ fa Λ
g
b Λ
h
c
(
ω1gh(v1f ) + v1fkgh
)
Ψ1 (148)
Using that,
Λ ba γ
a = Λ 1
2
γbΛ
−1
1
2
(149)
The fifth term on the right of (112) becomes,
− i
4
Ψ1Λ
−1
1
2
γaγbγcω2bc(v2a)Λ 1
2
Ψ1 ∗1 =
= − i
4
Ψ1Λ
−1
1
2
Λ 1
2
γaΛ
−1
1
2
Λ 1
2
γbΛ
−1
1
2
Λ 1
2
γcΛ
−1
1
2
Λ 1
2
×
×
(
ω1bc(v1a) + v1akbc
)
Ψ1 ∗1 (150)
= − i
4
Ψ1γ
aγbγc
(
ω1bc(v1a) + v1akbc
)
Ψ1 ∗1 (151)
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Gathering terms, (112) becomes,
L[θ2,Ψ2] = −1
2
dA ∧ ∗dA− eΨ1γaA(v1a)Ψ1 ∗1 +
+ iΨ1
(
γav1aΨ1 +
1
2
γaSbc(v1akbc)Ψ1 −
− 1
4
γaγbγc
(
ω1bc(v1a) + v1akbc
)
Ψ1 +mΨ1
)
∗1 (152)
= −1
2
dA ∧ ∗dA− eΨ1γaA(v1a)Ψ1 ∗1 +
+ iΨ1
(
γav1aΨ1 − 1
4
γaγbγcω1bc(v1a)Ψ1 +mΨ1
)
∗1 (153)
= L[θ1,Ψ1] (154)
This shows that the Lagrangean density is independent of the local orienta-
tion of the coframe.
A second proof that the Dirac equation in curved spacetimes is invariant
under a local rotation of the coframe is by re-reading (111) - (153) while
ignoring the first electromagnetic term and for the other terms, ignoring the
iΨ1 in front and the ∗1 after. Then (111) - (153) can be summarized as,
Λ
−1
1
2
(
γadΨ2(v2a) + ieγ
aA(v a2 )Ψ2 −
1
4
γaγbγcω2bc(v2a)Ψ2 +mΨ2
)
=
=
(
γav1aΨ1 + ieγ
aA(v1a)Ψ1 − 1
4
γaγbγcω1bc(v1a)Ψ1 +mΨ1
)
(155)
4 Conservation of current
I now calculate,
dΨ ∧ ∗θ0 = dΨ ∧ θ1 ∧ θ2 ∧ θ3 (156)
= dΨ(v0)θ
0 ∧ θ1 ∧ θ2 ∧ θ3 (157)
= dΨ(v0) ∗1 (158)
Therefore,
∗ (dΨ ∧ ∗θ0) = ∗ (dΨ(v0) ∗1) (159)
= dΨ(v0) ∗∗1 (160)
= −dΨ(v0) (161)
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Generally,
∗ (dΨ ∧ ∗θa) = −dΨ(va) (162)
So,
vaΨ = − ∗ (dΨ ∧ ∗θa) (163)
Substituting vaΨ = −∗(dΨ ∧ ∗θa) in the Dirac equation in curved spacetimes,
I get,
− γa ∗ (dΨ ∧ ∗θa) + ieγaA(va)Ψ− 1
4
γaγbγcωbc(va)Ψ +mΨ = 0 (164)
Its Hermitean conjugate is,
−∗ (dΨ† ∧ ∗θa) γa†− ieΨ†γa†A(va)− 1
4
ωbc(va)Ψ
†γc†γb†γa†+mΨ† = 0 (165)
Multiplying by γ0 on the right,
− ∗ (dΨ† ∧ ∗θa) γa†γ0 − ieΨ†γa†γ0A(va)− 1
4
ωbc(va)Ψ
†γc†γb†γa†γ0 +
+mΨ†γ0 = 0 (166)
∗ (dΨ† ∧ ∗θa) γ0γa + ieΨ†γ0γaA(va) + 1
4
ωbc(va)Ψ
†γ0γcγbγa +
+mΨ†γ0 = 0 (167)
∗ (dΨ ∧ ∗θa) γa + ieΨγaA(va) + 1
4
ωbc(va)Ψγ
cγbγa +mΨ = 0 (168)
The current is,
j = −eΨγaΨ ∗θa (169)
Conservation of current means,
∗dj = 0 (170)
−e ∗ (dΨ ∧ ∗θa) γaΨ− eΨγa ∗ (dΨ ∧ ∗θa)− eΨγaΨ ∗d∗θa = 0 (171)
Using (164) and (168),
e
4
ωbc(va)Ψ
(
γaγbγc + γcγbγa
)
Ψ− eΨγaΨ ∗d∗θa = 0 (172)
The products of three different gammas cancel leaving,
e
4
Ψ (4γcωac(va))Ψ− eΨγaΨ ∗d∗θa = 0 (173)
eΨ
(
γbωab(va)
)
Ψ− eΨγaΨ ∗d∗θa = 0 (174)
ωab(va) = −dθa(vb, va) (175)
−eΨγbΨdθa(vb, va)− eΨγaΨ ∗d∗θa = 0 (176)
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For the last term,
∗θ0 = θ1 ∧ θ2 ∧ θ3 (177)
d∗θ0 = dθ1 ∧ θ2 ∧ θ3 − θ1 ∧ dθ2 ∧ θ3 + θ1 ∧ θ2 ∧ dθ3 (178)
∗ (dθ1 ∧ θ2 ∧ θ3) = ∗ (dθ1(v0, v1)θ0 ∧ θ1 ∧ θ2 ∧ θ3) (179)
= ∗ (dθ1(v0, v1) ∗1) (180)
= dθ1(v0, v1) ∗∗1 (181)
= −dθ1(v0, v1) (182)
Similarly,
∗ d∗θa = −dθb(va, vb) (183)
And the equation for the conservation of current becomes,
∗dj = −eΨγaΨdθb(va, vb) + eΨγaΨdθb(va, vb) (184)
= 0 (185)
5 Alternative formulation
The term,
ωbc(va) (186)
can be written in an alternative formulation:
ωbc(va) =
1
2
(
dθa(vb, vc) + dθb(va, vc)− dθc(va, vb)
)
(187)
=
1
2
(
dθa(v
ν
b ∂ν , v
ρ
c ∂ρ) + dθb(v
µ
a ∂µ, v
ρ
c ∂ρ)− dθc(v µa ∂µ, v νb ∂ν)
)
(188)
=
1
2
(
v νb v
ρ
c
(
∂νθaρ − ∂ρθaν
)
+ v µa v
ρ
c
(
∂µθbρ − ∂ρθbµ
)
+
+ v µa v
ν
b
(− ∂µθcν + ∂νθcµ)) (189)
Writing the Christoffel gamma as,
Γρµν =
1
2
(
∂µgρν + ∂νgρµ − ∂ρgνµ
)
(190)
and using that,
gµν = ηabθ
a
µθ
b
ν (191)
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the Christoffel gamma becomes,
Γρµν =
1
2
(
ηde∂µ(θ
d
ρθ
e
ν) + ηde∂ν(θ
d
ρθ
e
µ)− ηde∂ρ(θdνθeµ)
)
(192)
=
1
2
(
θdν∂µθdρ + θ
d
ρ∂µθdν + θ
d
µ∂νθdρ + θ
d
ρ∂νθdµ − θdµ∂ρθdν − θdν∂ρθdµ
)
(193)
v µa v
ν
b v
ρ
c Γρµν =
1
2
(
v µa v
ρ
c
(
∂µθbρ − ∂ρθbµ
)
+ v µa v
ν
b
(
∂µθcν + ∂νθcµ
)
+
+ v νb v
ρ
c
(
∂νθaρ − ∂ρθaν
))
(194)
Inserting into (189), I get,
ωbc(va) = v
µ
a v
ν
b
(−∂µθcν + θcρΓρµν) (195)
An alternative formulation for the Dirac equation in curved spacetimes is,(
γav µa ∂µ + ieγ
aA(va)− 1
2
γaSbcv µa v
ν
b
(−∂µθcν + θcρΓρµν)+m
)
Ψ = 0
(196)
6 Stress-energy tensor
In this section, the stress-energy tensor of the electromagnetic and Dirac
fields is calculated.
The Lagrangean density is,
L = Lem + Lint + LDirac (197)
= −1
2
dA ∧ ∗dA− eΨγaA ∧ ∗θaΨ+
+ iΨ
(
γadΨ ∧ ∗θa − 1
4
γaγbγcωbc ∧ ∗θaΨ+mΨ ∗1
)
(198)
To calculate the stress-energy tensor, I use the same method as in coframe
gravity [6]. This consists of setting up a small variation of the coframe which
vanishes on the region boundary. The variation in the Lagrangean density
is,
δL = −1
2
δ(dA ∧ ∗dA)− eΨγaΨA ∧ δ∗θa + iΨ
(
γadΨ ∧ δ∗θa −
− 1
4
γaγbγc
(
δ
(
ωbc(va) ∗1
))
Ψ+mΨδ∗1
)
(199)
19
The first term on the right of (199) is,
− 1
2
δ(dA ∧ ∗dA) (200)
Denoting,
Fab = dA(va, vb) (201)
the first term can be written as,
−1
2
δ(dA ∧ ∗dA) = −1
4
δ(Fabη
acηbdFcd ∗1) (202)
= −1
2
F abδ(Fab ∗1) + 1
4
F abFabδ∗1 (203)
δ∗1 = δ(θ0 ∧ θ1 ∧ θ2 ∧ θ3) (204)
= δθ0 ∧ θ1 ∧ θ2 ∧ θ3 + θ0 ∧ δθ1 ∧ θ2 ∧ θ3 + . . . (205)
= δθm ∧ ∗θm (206)
−1
2
δ(dA ∧ ∗dA) = −1
2
F abδ
(
dA ∧ ǫabmd
2
θm ∧ θd
)
+ (207)
+
1
4
F abFabδθm ∧ ∗θm (208)
= δθm ∧
(
−1
4
F abdA ∧ ǫabcdηcmθd + 1
4
F abFab ∗ θm
)
(209)
= δθm ∧
(
−1
4
F abFef ǫabcdη
cmǫnefd +
1
4
ηmnF abFab
)
∗θn (210)
= δθm ∧
(
−1
4
F abFef ǫabcdη
cmǫefnd +
1
4
ηmnF abFab
)
∗θn (211)
= δθm ∧
(
FmaF na −
1
4
ηmnF abFab
)
∗θn (212)
The second term on the right of (199) is,
−eΨγaA ∧ δ∗θa = −eΨγaΨA ∧ δ
(ǫabcd
6
θb ∧ θc ∧ θd
)
(213)
δ(ǫabcdθ
b ∧ θc ∧ θd) = ǫabcd
(
δθb ∧ θc ∧ θd + θb ∧ δθc ∧ θd +
+ θb ∧ θc ∧ δθd) (214)
ǫabcdθ
b ∧ δθc ∧ θd = −ǫabcdδθc ∧ θb ∧ θd (215)
= ǫacbdδθ
c ∧ θb ∧ θd (216)
= ǫabcdδθ
b ∧ θc ∧ θd (217)
20
−eΨγaΨA ∧ δ∗θa = −1
2
eΨγaΨA ∧ ǫabcdδθb ∧ θc ∧ θd (218)
= δθb ∧ 1
2
eΨγaΨA ∧ ǫabcdθc ∧ θd (219)
= δθm ∧ 1
2
eΨγaΨA(ve)ǫamcdǫ
necd ∗ θn (220)
= δθm ∧ −1
2
eΨγaΨA(ve)ǫagcdη
gmǫencd ∗ θn (221)
= δθm ∧ −e
(
ηmnΨγaΨA(va)−ΨγnΨA(vm)
)
∗θn (222)
Similarly, the third term on the right of (199) is,
iΨγadΨ ∧ δ∗θa = δθm ∧ i
(
ηmnΨγadΨ(va)−ΨγndΨ(vm)
)
∗θn (223)
Using that,
γaγbγcdθb(va, vc) = γ
bγaγcdθa(vb, vc) (224)
−γaγbγcdθc(va, vb) = −γcγbγadθa(vc, vb) (225)
= −γbγcγadθa(vb, vc) (226)
=
(− 2ηacγb + γbγaγc)dθa(vb, vc) (227)
the fourth term on the right of (199) is,
− i
4
Ψγaγbγc
(
δ
(
ωbc(va) ∗1
))
Ψ =
= − i
8
Ψ
(
γaγbγc + γbγaγc − 2ηacγb + γbγaγc)×
×
(
δ
(
dθa(vb, vc) ∗1
))
Ψ (228)
= − i
8
Ψ
(
2ηabγc − 2ηacγb + γbγaγc)(δ(dθa(vb, vc) ∗1))Ψ (229)
= − i
8
Ψ
(
4ηabγc − γcγaγb)(δ(dθa(vb, vc) ∗1))Ψ (230)
The first term on the right of (230) is,
− i
8
Ψ4ηabγc
(
δ
(
dθa(vb, vc) ∗1
))
Ψ =
i
2
Ψγc
(
δ
(
dθa(vc, va) ∗1
))
Ψ (231)
=
i
2
Ψγc(δd∗θc)Ψ (232)
d
(
i
2
Ψγc(δ∗θc)Ψ
)
=
i
2
dΨ ∧ γc(δ∗θc)Ψ + i
2
Ψγc(dδ∗θc)Ψ +
+
i
2
ΨγcdΨ ∧ δ∗θc (233)
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so,
i
2
Ψγc(dδ∗θc)Ψ = − i
2
dΨ ∧ γc(δ∗θc)Ψ− i
2
ΨγcdΨ ∧ δ∗θc + d(. . .) (234)
Combining (223) with the right side of (234) gives,
i
2
ΨγadΨ ∧ δ∗θa − i
2
dΨ ∧ γa(δ∗θa)Ψ =
= δθm ∧
(
i
2
ηmnΨγadΨ(va)− i
2
ΨγndΨ(vm)−
− i
2
ηmndΨ(va)γ
aΨ+
i
2
dΨ(vm)γnΨ
)
∗ θn (235)
I have,( i
2
ηmnΨγadΨ(va)− i
2
ΨγndΨ(vm)
)†
=
= − i
2
ηmndΨ†(va)γ
a†γ0†Ψ+
i
2
dΨ†(vm)γn†γ0†Ψ (236)
= − i
2
ηmndΨ†(va)γ
a†(−γ0)Ψ + i
2
dΨ†(vm)γn†(−γ0)Ψ (237)
= − i
2
ηmndΨ(va)γ
aΨ+
i
2
dΨ(vm)γnΨ (238)
so the right side of (235) becomes,
δθm ∧ Re
(
iηmnΨγadΨ(va)− iΨγndΨ(vm)
)
∗θn (239)
The second term on the right of (230) is,
i
8
Ψγcγaγb
(
δ(dθa(vb, vc) ∗1)
)
Ψ =
i
8
ΨγcγaγbΨδ
(
dθa ∧ ∗(θb ∧ θc)
)
(240)
=
i
8
ΨγcγaγbΨ
(
dδθa ∧ ∗(θb ∧ θc) + dθa ∧ δ∗(θb ∧ θc)
)
(241)
I have,
d
(
ΨγcγaγbΨ
(
δθa ∧ ∗(θb ∧ θc)
))
= (dΨ)γcγaγbΨ ∧ δθa ∧ ∗(θb ∧ θc) +
+ ΨγcγaγbdΨ ∧ δθa ∧ ∗(θb ∧ θc) + ΨγcγaγbΨdδθa ∧ ∗(θb ∧ θc)−
−ΨγcγaγbΨδθa ∧ d∗(θb ∧ θc) (242)
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so,
ΨγcγaγbΨdδθa ∧ ∗(θb ∧ θc) = δθa ∧
(
(dΨ)γcγaγbΨ ∧ ∗(θb ∧ θc) +
+ ΨγcγaγbdΨ ∧ ∗(θb ∧ θc) + ΨγcγaγbΨd∗(θb ∧ θc)
)
+ d(. . .) (243)
The first term on the right of (241) becomes,
δθa ∧ i
8
(
(dΨ)γcγaγbΨ ∧ ∗(θb ∧ θc) + ΨγcγaγbdΨ ∧ ∗(θb ∧ θc) +
+ ΨγcγaγbΨd∗(θb ∧ θc)
)
+ d(. . .) (244)
The first term of (244) is,
δθa ∧ i
8
(dΨ)γcγaγbΨ ∧ ∗(θb ∧ θc) = δθa ∧ i
8
(dΨ)γcγaγbΨ ∧ ǫbcde
2
θd ∧ θe (245)
= δθa ∧ i
16
dΨ(vf)γ
cγaγbΨǫbcdeǫ
nfde ∗θn (246)
= δθm ∧ i
8
dΨ(vf)
(
γfγmγn − γnγmγf)Ψ ∗θn (247)
Similarly, (244) becomes,
δθm ∧
(
i
8
dΨ(vf)
(
γfγmγn − γnγmγf)Ψ ∗θn +
+
i
8
Ψ
(
γfγmγn − γnγmγf)dΨ(vf) ∗θn + i
8
ΨγcγmγbΨd∗(θb ∧ θc)
)
+ d(. . .)
(248)
I have,(
i
8
dΨ(vf )
(
γfγmγn − γnγmγf)Ψ)† =
=
−i
8
Ψ†
(
γn†γm†γf† − γf†γm†γn†)γ0†dΨ(vf) (249)
=
−i
8
Ψ†
(
γn†γm†γf† − γf†γm†γn†)(−γ0)dΨ(vf) (250)
=
−i
8
Ψ†γ0
(
γnγmγf − γfγmγn)dΨ(vf ) (251)
=
i
8
Ψ
(
γfγmγn − γnγmγf)dΨ(vf ) (252)
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so (248) becomes,
δθm ∧
(
Re
(
i
4
dΨ(vf)
(
γfγmγn − γnγmγf)Ψ) ∗θn +
+
i
8
ΨγcγmγbΨd∗(θb ∧ θc)
)
+ d(. . .) (253)
The second term on the right of (241) is,
i
8
ΨγcγaγbΨdθa ∧ δ∗(θb ∧ θc) = i
8
ΨγcγaγbΨdθa ∧ δ
(ǫbcde
2
θd ∧ θe
)
(254)
=
i
8
ΨγcγaγbΨdθa ∧ ǫbcdeδθd ∧ θe (255)
=
i
8
ΨγcγaγbΨdθa ∧ ǫbcdeηdmδθm ∧ θe (256)
= δθm ∧ i
8
ΨγcγaγbΨdθa ∧ ǫbcdeηdmθe (257)
The last term of (199) is,
iΨmΨδ∗1 = imΨΨδθm ∧ ∗θm (258)
= δθm ∧ imΨΨηmn ∗θn (259)
The variation of the Lagrangean density can be expressed as,
δL = δθm ∧ Tm + d(. . .) (260)
with Tm being the stress-energy tensor. Gathering terms, it is,
Tm =
(
FmaF na −
1
4
ηmnF abFab − e
(
ηmnΨγaΨA(va)−ΨγnΨA(vm)
)
+
+ Re
(
iηmnΨγadΨ(va)− iΨγndΨ(vm)
)
+
+ Re
( i
4
Ψ(γfγmγn − γnγmγf )dΨ(vf)
)
+ imηmnΨΨ
)
∗θn +
+
i
8
ΨγcγmγbΨd∗(θb ∧ θc) + i
8
ΨγcγaγbΨdθa ∧ ǫbcdeηdmθe (261)
T can also be written as,
Tmn = − ∗(θn ∧ Tm) (262)
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In flat spacetime with the Minkowski metric and with the coframe being the
coordinate differentials, T becomes,
Tmn = FmaF na −
1
4
ηmnF abFab + η
mnjaAa − jnAm +
+ Re
(
iηmnΨγa∂aΨ− iΨγn∂mΨ
)
+
+ Re
(
i
4
Ψ(γfγmγn − γnγmγf )∂fΨ
)
+ imηmnΨΨ (263)
iΨΨ is real because γ0 is a diagonal matrix. I use,
Ψγa∂aΨ− ijaAa = −mΨΨ (264)
and,
Ψ
(
γfγmγn − γnγmγf)∂fΨ = Ψ(2ηfmγn − 2ηfnγm + [γm, γn]γf)∂fΨ (265)
Re
(
i
4
Ψ[γm, γn]γf∂fΨ
)
= Re
(
i
4
Ψ[γm, γn]
(− ieγaAa −m)Ψ
)
(266)
= Re
(
1
4
Ψ
(
2eγmAn − 2eγnAm + e
3
[γm, γn, γa]Aa −
− im[γm, γn]
)
Ψ
)
(267)
=
1
2
(− jmAn + jnAm)+
+ Re
(
Ψ
(
e
12
[γm, γn, γa]Aa − i
4
m[γm, γn]
)
Ψ
)
(268)
γ0[γm, γn] is Hermitean:(
γ0[γm, γn]
)†
= [γn†, γm†]γ0† (269)
= [γn†, γm†](−γ0) (270)
= −γ0[γn, γm] (271)
= γ0[γm, γn] (272)
so Ψ[γm, γn]Ψ is real. γ0[γm, γn, γa] is skew-Hermitean:(
γ0[γm, γn, γa]
)†
= [γa†, γn†, γm†]γ0† (273)
= [γa†, γn†, γm†](−γ0) (274)
= γ0[γa, γn, γm] (275)
= −γ0[γm, γn, γa] (276)
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so Ψ[γm, γn, γa]Ψ is imaginary or 0. T becomes,
Tmn = FmaF na −
1
4
ηmnF abFab − 1
2
(
jmAn + jnAm
)
+
+ Re
(−i
2
Ψ
(
γm∂n + γn∂m
)
Ψ
)
(277)
So the energy density is,
T 00 =
1
2
(
E2 +B2
)
+ j0A0 + Re
(−iΨ†∂0Ψ) (278)
Appendix
ω has the same values as the rotational part of the torsion-free Cartan con-
nection (θ, ω) : T(M4) → euc(3, 1) because ω is antisymmetric and follows
the equation,
dθa − ωab ∧ θb = 0 (279)
To prove (279):
dθa(vc, vd)− (ωab ∧ θb)(vc, vd) =
= dθa(vc, vd)− ωab(vc)θb(vd) + ωab(vd)θb(vc) (280)
= dθa(vc, vd)− ωad(vc) + ωac(vd) (281)
= dθa(vc, vd)− 1
2
(
dθc(v
a, vd) + dθ
a(vc, vd)− dθd(vc, va)
)
+
+
1
2
(
dθd(v
a, vc) + dθ
a(vd, vc)− dθc(vd, va)
)
(282)
= dθa(vc, vd)− dθa(vc, vd) (283)
= 0 (284)
To prove that (279) is the formula for the torsion: The formula for the
curvature of a Cartan connection ξ is [5],
dξ +
1
2
[ξ, ξ] (285)
with,
[ξ, χ](U, V ) = [ξ(U), χ(V )]− [ξ(V ), χ(U)] (286)
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with the commutator evaluated in a Lie algebra. For the Cartan connec-
tion (θ, ω) : T(M4) → euc(3, 1), the torsion is the translational part of the
curvature:
dθ +
1
2
[θ, ω] +
1
2
[ω, θ] (287)
To simplify:
(dθ +
1
2
[θ, ω] +
1
2
[ω, θ])(U, V ) = (288)
= dθ(U, V ) +
1
2
[θ(U), ω(V )]− 1
2
[θ(V ), ω(U)] +
+
1
2
[ω(U), θ(V )]− 1
2
[ω(V ), θ(U)] (289)
= dθ(U, V ) + [ω(U), θ(V )]− [ω(V ), θ(U)] (290)
= (dθ + [ω, θ])(U, V ) (291)
so the torsion is,
dθ + [ω, θ] (292)
Some of the generators of Euc(3, 1) are,
J12 =


0 0 0 0 0
0 0 −1 0 0
0 1 0 0 0
0 0 0 0 0
0 0 0 0 0

 t2 =


0 0 0 0 0
0 0 0 0 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0

 (293)
They follow the commutation relations,
[Jab, tc] = −ηbcta + ηactb (294)
In this appendix, the values of ω are combinations of J matrices:
ω =
1
2
Jabωab (295)
The rotation generators are duplicated (for example, there is J21 in addition
to J12), hence the factor 1
2
. Formula (292) applied to vectors U and V gives,
(dθ + [ω, θ])a(U, V ) = dθa(U, V ) + [ω(U), θ(V )]a − [ω(V ), θ(U)]a (296)
= (dθa − 1
2
ωab ∧ θb +
1
2
ω ab ∧ θb)(U, V ) (297)
= (dθa − ωab ∧ θb)(U, V ) (298)
27
So the torsion is,
dθa − ωab ∧ θb (299)
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